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We study the chiral symmetry restoration using the generalized hidden local symmetry (GHLS)
which incorporates the rho and A1 mesons as the gauge bosons of the GHLS and the pion as the
Nambu-Goldstone boson consistently with the chiral symmetry of QCD. We show that a set of
parameter relations, which ensures the first and second Weinberg sum rules, is invariant under the
renormalization group evolution. Then, we found that the Weinberg sum rules together with the
matching of the vector and axial-vector current correlators inevitably leads to the dropping masses
of both rho and A1 mesons at the symmetry restoration point, and that the mass ratio as well as
the mixing angle between the pion and A1 meson flows into one of three fixed points.
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1. INTRODUCTION
Changes of the hadron masses are indications of the
chiral symmetry restoration occurring in hot and/or
dense QCD [1]. Dropping masses of hadrons following
the Brown-Rho (BR) scaling [2] can be one of the most
prominent candidates of the strong signal of the melting
of the quark condensate 〈q¯q〉 which is the order parameter
of the spontaneous chiral symmetry breaking. Especially,
the dropping of the ρ meson mass according to the BR
scaling satisfactorily explained [3] the enhancement of di-
electron mass spectra below the ρ/ω resonance observed
at CERN SPS [4].
The vector manifestation (VM) [5] is the Wigner re-
alization in which the ρ meson becomes massless degen-
erate with the pion at the chiral phase transition point.
The VM is formulated in the effective field theory (EFT)
based on the hidden local symmetry (HLS) [6, 7]. In the
HLS theory we can perform the systematic chiral pertur-
bation with the dynamical ρmeson included [8, 9, 10, 11].
Furthermore, the matching to QCD a` la Wilson com-
bined with the renormalization group equations (RGEs)
gives several physical predictions in remarkable agree-
ment with experiments [9, 12].
The formulation of the VM was done also in hot mat-
ter [13] and in dense matter [14], and a compelling ev-
idence of dropping mass recently comes from the mass
shift of the ω meson in nuclei measured by the KEK-PS
E325 Experiment [15] and the CBELSA/TAPS Collabo-
ration [16] and also from that of the ρ meson observed
in the STAR experiment [17]. Since the VM formulated
in the HLS theory provides a theoretical description of
the dropping ρ mass which is protected by the existence
of the fixed point (VM fixed point), we can study sev-
eral other phenomena associated with the dropping ρ by
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expanding the HLS theory around the VM fixed point:
Large violation of the vector dominance of the pion elec-
tromagnetic form factor should occur near the VM fixed
point [18], which plays an important role [19] to explain
the recent experimental data provided by NA60 [20]; The
pion velocity near the restoration point is predicted as
vpi(Tc) = 0.83-0.99 [21], which seems to be consistent
with value extracted [22] from the recent data from the
STAR collaboration at RHIC [23].
In the VM, it was assumed that the axial-vector and
scalar mesons are decoupled from the theory near the
phase transition point. However, the masses of these
mesons may decrease following the BR scaling. Actu-
ally, recently in Ref. [24], it was proposed to extend the
VM to include axial-vector mesons for explaining the
anomalous ρ0/π− ratio measured in peripheral collisions
by STAR [25]. There were several analyses with mod-
els including axial-vector mesons such as in Ref. [26].
These analyses are not based on the fixed point struc-
ture and found no significant reduction of the masses of
axial-vector meson. Then, it is desirable to construct an
EFT which includes the axial-vector meson as a dynam-
ical degree of freedom, and study whether a fixed point
structure exists and it can realize the light axial-vector
meson.
There are several models which includes the axial-
vector meson in addition to the pion and vector meson
consistently with the chiral symmetry of QCD such as
the “Massive Yang-Mills” field method [27], the anti-
symmetric tensor field method [28] and the model based
on the generalized hidden local symmetry (GHLS) [7, 29,
30, 31]. These models are equivalent [31, 32] at least tree-
level on-shell amplitude is concerned. However, there are
differences in the off-shell amplitude since the definitions
of the off-shell fields are different in the models (see, e.g.,
Ref. [9]). Here we pick up the model based on the GHLS
which is a natural extension of the HLS to include the
axial-vector meson.
In this paper, we first develop the chiral perturbation
theory (ChPT) with GHLS, in which a systematic low-
2energy expansion is possible even including the axial-
vector meson in addition to the pseudoscalar and vec-
tor mesons as a dynamical degree of freedom. Then, we
make the matching of the vector and axial-vector current
correlators with those obtained by the operator product
expansion (OPE) in the energy region higher than the
axial-vector meson mass to find that the resultant set of
the parameter relations satisfies the pole saturated forms
of the first and second Weinberg sum rules. Based on the
RGEs in the Wilsonian sense obtained in the ChPT with
GHLS, the set of the parameter relations is shown to be
stable against the renormalization group evolution.
We further study the fate of the axial-vector meson
near the chiral restoration point, and found that the
Weinberg sum rules together with the matching neces-
sarily leads to the dropping masses of both vector and
axial-vector mesons. Interestingly, the ratio of masses
of vector and axial-vector mesons as well as the mixing
between the pseudoscalar and axial-vector mesons flows
into one of three fixed points: They exhibit the VM–
like, Ginzburg-Landau–like and Hybrid–like patterns of
the chiral symmetry restoration.
This paper is organized as follows:
In section 2, we give a brief review on the GHLS. Con-
struction of the ChPT with GHLS is done in section 3.
In section 4, we make the matching to derive a set of pa-
rameter relations satisfying the pole saturated forms of
the first and second Weinberg sum rules. This is shown
to be stable against the renormalization group evolution.
Section 5 is devoted to study the phase structure of the
GHLS with the Weinberg sum rules kept satisfied. We
show that both ρ and A1 necessarily become massless at
the phase transition point, and that the mass ratio flows
into one of three fixed points. In section 6, we discuss
the relation of three classes of the fixed point to the chi-
ral representation mixing. Finally in section 7, we give a
brief summary and discussions. We show the quantiza-
tion of the GHLS theory based on the background field
gauge in Appendix A, and several quantum corrections
and RGEs in Appendix B.
2. GENERALIZED HIDDEN LOCAL
SYMMETRY
The generalized hidden local symmetry (GHLS) is an
extention of the hidden local symmetry (HLS), in which
the axial-vector mesons as well as the vector mesons are
introduced as the gauge bosons of the GHLS, in addi-
tion to the pseudoscalar mesons as the Nambu-Goldstone
bosons associated with the spontaneous chiral symmetry
breaking. In this section, we briefly review the GHLS
following Refs. [7, 29, 30].
2.1. Lagrangian
The GHLS Lagrangian is based on the Gglobal×Glocal
symmetry, where Gglobal = [SU(Nf)L × SU(Nf )R]global
is the chiral symmetry and Glocal = [SU(Nf)L ×
SU(Nf)R]local is the GHLS. The whole symmetry
Gglobal×Glocal is spontaneously broken down to a flavor
diagonal SU(Nf)V . The basic quantities are the GHLS
gauge bosons Lµ and Rµ and three matrix valued vari-
ables ξL, ξR and ξM which are introduced as
U = ξ†LξMξR , (2.1)
where Nf ×Nf special-unitary matrix U is a basic ingre-
dient of the chiral perturbation theory (ChPT) [33, 34].
The transformation property of U under the chiral sym-
metry is given by
U → gLUg†R , (2.2)
where gL and gR are the elements of the chiral symmetry,
gL,R ∈ [SU(Nf)L,R]global. The variables ξs transform as
ξL,R → hL,R · ξL,R · g†L,R ,
ξM → hL · ξM · h†R , (2.3)
with hL,R ∈ [SU(Nf )L,R]local. The GHLS gauge fields
Lµ and Rµ transform as
Lµ → ihL∂h†L + hLLµh†L ,
Rµ → ihR∂h†R + hRRµh†R . (2.4)
The covariant derivatives of ξL,R,M are given by
DµξL = ∂µξL − iLµξL + iξLLµ ,
DµξR = ∂µξR − iRµξR + iξRRµ ,
DµξM = ∂µξM − iLµξM + iξMRµ , (2.5)
where Lµ andRµ are the external gauge fields introduced
by gauging Gglobal symmetry.
The fundamental objects are the Maurer-Cartan 1-
forms defined by
αˆµL,R = D
µξL,R · ξ†L,R/i ,
αˆµM = D
µξM · ξ†M/(2i) , (2.6)
which transform as
αˆµL,R → hL,RαˆµL,Rh†L,R ,
αˆµM → hLαˆµMh†L . (2.7)
There are four independent terms, with the lowest deriva-
tives, invariant under Gglobal ×Glocal:
LV = F 2tr
[
αˆ‖µαˆ
µ
‖
]
,
LA = F 2tr
[
αˆ⊥µαˆ
µ
⊥
]
,
LM = F 2tr
[
αˆMµαˆ
µ
M
]
,
Lpi = F 2tr
[(
αˆ⊥µ + αˆMµ
)(
αˆµ⊥ + αˆ
µ
M
)]
, (2.8)
3where F is the parameter carrying the mass dimension
1 #1 and αˆ‖,⊥ are defined as
αˆµ‖,⊥ =
(
ξM αˆ
µ
Rξ
†
M ± αˆµL
)
/2 . (2.9)
Another building block is the gauge field strength of
the GHLS defined by
Lµν = ∂µLν − ∂νLµ − i
[
Lµ, Lν
]
,
Rµν = ∂µRν − ∂νRµ − i
[
Rµ, Rν
]
. (2.10)
From these field strengths, the kinetic term of the gauge
bosons are given by
Lkin(Lµ, Rµ) = − 1
4g2
tr
[
LµνL
µν +RµνR
µν
]
, (2.11)
with g being the gauge coupling constant of the GHLS.
Note that the parity invariance requires that there is only
one gauge coupling.
By combining the four terms in Eq. (2.8) together with
the kinetic term of the gauge fields in Eq. (2.11), the
GHLS Lagrangian is given by
L = aLV + bLA + cLM + dLpi + Lkin(Lµ, Rµ) , (2.12)
where a, b, c and d are dimensionless parameters to be
determined by the underlying QCD.
2.2. Particle Identification
The symmetry breaking pattern of the GHLS is given
as
[SU(Nf)L × SU(Nf)R]local
× [SU(Nf )L × SU(Nf )R]global
→ SU(Nf )V , (2.13)
which generates 3× (N2f − 1) massless Nambu-Goldstone
(NG) bosons. 2 × (N2f − 1) of the NG bosons are ab-
sorbed into the gauge bosons of the GHLS to give masses
through the Higgs mechanism. (N2f − 1) NG bosons re-
main as the massless particles, which we identify with
the pseudoscalar mesons π (pion and its flavor part-
ners). On the other hand, we identify the gauge bosons
Vµ = (Rµ + Lµ)/2 with the vector mesons denoted by ρ
(ρ meson and its flavor partners) and Aµ = (Rµ −Lµ)/2
with the axial-vector mesons denoted as A1 (a1 meson
and its flavor partners).
#1 In Ref. [7, 29, 30], each term has the pion decay constant F 2pi
as the coefficient by taking the proper normalization. In this
paper, however, we introduce F just as a parameter which carries
mass dimension 1. In the latter section, we will define Fpi as the
coupling strength to the broken current by dissolving the pi-A1
mixing.
In the following, we specify the π and would-be NG
bosons absorbed into ρ and A1 by parameterizing ξL,R,M
as
ξR = e
i(φσ+φ⊥) ,
ξL = e
i(φσ−φ⊥) ,
ξM = e
2iφp . (2.14)
Three 1-forms are expanded into
αˆµ‖ = ∂
µφσ − V µ + Vµ + · · · ,
αˆµ⊥ = ∂
µφ⊥ −Aµ +Aµ + · · · ,
αˆµM = ∂
µφp +A
µ + · · · , (2.15)
where the vector and axial-vector external gauge fields
Vµ and Aµ are defined as
Vµ = 1
2
(Rµ + Lµ) , Aµ = 1
2
(Rµ − Lµ) . (2.16)
The aLV term in the Lagrangian is expressed as
aLV = F 2σ tr
[
{∂µφσ − V µ + Vµ}2
]
+ · · · , (2.17)
where
F 2σ = aF
2 . (2.18)
Then, the would-be NG boson absorbed into the longi-
tudinal component of the Vµ is identified as
σ = Fσ φσ . (2.19)
The remaining three terms, bLA + cLM + dLpi, are ex-
pressed as
bLA + cLM + dLpi
= (b+ d)F 2 tr
[
(∂µφ⊥)
2
]
+ (c+ d)F 2 tr
[
(∂µφp)
2
]
+ (b + c)F 2 tr
[
(Aµ)
2
]
− 2bF 2 tr[Aµ∂µφ⊥]+ 2cF 2 tr[Aµ∂µφp]
+ 2dF 2 tr
[
∂µφ⊥ ∂
µφp
]
+ · · · . (2.20)
This can be further reduced into(
bLA + cLM + dLpi
)
kin
= (b+ c)F 2 tr
[
(Aµ + ∂φq)
2
]
+
(
d+
bc
b+ c
)
F 2 tr
[
(∂φpi)
2
]
, (2.21)
where we define φpi and φq as
φpi = φ⊥ + φp ,
φq =
1
(b+ c)
[
c φp − b φ⊥
]
. (2.22)
The properly normalized fields are given by
π = Fpi φpi , q = Fq φq , (2.23)
4where Fpi is the π decay constant and Fq is the decay
constant of the would-be NG boson q. They are defined
as
F 2pi = (d+ c ζ)F
2 ,
F 2q = (b + c)F
2 , (2.24)
where
ζ =
b
b+ c
. (2.25)
Let us introduce the ρ (ρmeson and its flavor partners)
and A1 (a1 meson and its flavor partners) as
V µ = gρµ , Aµ = gAµ1 . (2.26)
Then, expanding the Lagrangian (2.12) in terms of the
π, Vµ and Aµ fields taking the unitary gauge φq = φσ =
0 #2, we find the following expressions for the masses
of vector and axial-vector mesons Mρ,A1 , the ρ-γ mixing
strength gρ
#3 and strength of the coupling of the A1
meson to the axial-vector current gA1 :
Mρ = gFσ , MA1 = gFq ,
gρ = gF
2
σ , gA1 = gbF
2 . (2.27)
3. CHIRAL PERTURBATION THEORY WITH
THE GHLS
In this section, we construct the chiral perturbation
theory (ChPT) based on the generalized hidden local
symmetry (GHLS).
#2 When the gauge is fixed by taking ξM = 1 and ξR = ξ
†
L =
eipi/Fpi , the A1-pi mixing is dissolved afterwards, as shown in
Refs. [7, 29, 30]. In this paper, on the other hand, we introduced
pi field to eliminate the A1-pi mixing, and fixed the gauge to the
unitary gauge by taking
ξM = exp [2i ζ φpi] ,
ξR = ξL = exp [i(1− ζ)φpi] .
As emphasized in Refs. [7, 29] the above parameterization is
converted into ξM = 1 and ξR = ξ
†
L = e
ipi/Fpi by the “gauge
transformation”:
gR = g
†
L = exp [i ζ φpi] ,
as
ξ′M = gL ξM g
†
R = 1 ,
ξ′R = gR ξR = e
iφpi ,
ξ′L = gL ξL = e
−iφpi .
#3 The photon field Aµ for Nf = 3 is embedded into Vµ as
Vµ = eAµQ, Q =

 2/3 −1/3
−1/3

 ,
with e being the coupling of the external gauge bosons.
3.1. General Concept
In the HLS theory, thanks to the gauge invariance, it is
possible to perform the derivative expansion systemati-
cally. In this ChPT with HLS (See, for a review, Ref. [9]),
the vector meson mass is considered as small compared
with the chiral symmetry breaking scale Λχ, by assigning
O(p) to the HLS gauge coupling [10, 11]:
g ∼ O(p) . (3.1)
We adopt the same order assignment for both ρ and A1
mesons in the GHLS, i.e., mρ ∼ mA1 ∼ O(p). Using the
above counting rule, we can systematically incorporate
the quantum corrections to several physical quantities.
In the following, we examine the smallness of our ex-
pansion parameter mρ,A1/Λχ. Similarly to the smallness
of mρ/Λχ discussed in Ref. [9], the smallness of the ex-
pansion parameters mρ,A1/Λχ ≪ 1 can be justified in a
large number of colors Nc of QCD as follows: In the large
Nc limit, the pion decay constant Fpi scales as
√
Nc which
implies that Λχ scales as Λχ ∼ 4πFpi ∼
√
Nc. On the
other hand, the masses of vector and axial-vector mesons,
mρ,A1 , do not scale with Nc. So the ratios m
2
ρ,A1
/F 2pi
scales as 1/Nc, and becomes small in the large Nc QCD:
m2ρ,A1
Λ2χ
=
m2ρ,A1
(4πFpi)2
∼ 1
Nc
≪ 1. (3.2)
Thus we can perform the derivative expansion in the large
Nc limit, and extrapolate the results to the real-life QCD
with Nc = 3.
3.2. One-loop Calculations
Let us calculate the quantum corrections from the π, ρ
and A1 meson loops to five leading-order parameters of
the GHLS Lagrangian. We make the quantization using
the background field gauge in ’tHooft-Feynman gauge,
which is summarized in Appendix A.
We would like to stress that it is important to include
the quadratic divergences to obtain the RGEs in the
Wilsonian sense. In this paper, following Refs. [9, 12, 35],
we adopt the dimensional regularization and identify the
quadratic divergences with the presence of poles of ul-
traviolet origin at n = 2 [36]. This can be done by the
following replacement in the Feynman integrals:∫
dnk
i(2π)n
1
−k2 →
Λ2
(4π)2
,∫
dnk
i(2π)n
kµkν
[−k2]2 → −
Λ2
2(4π)2
gµν . (3.3)
On the other hand, the logarithmic divergence is identi-
fied with the pole at n = 4:
1
ǫ¯
+ 1→ ln Λ2 , (3.4)
5where
1
ǫ¯
≡ 2
4− n − γE + ln(4π) , (3.5)
with γE being the Euler constant.
In the following, we consider the two-point functions of
V¯ µ-V¯ ν , A¯µ-A¯ν , A¯µ⊥-A¯ν and A¯µM -A¯ν⊥ (see Appendix A for
definitions of the background fields), which we express as
Πµν
V¯ V¯
, Πµν
A¯A¯
, Πµν
A¯⊥A¯
, Πµν
A¯M A¯⊥
, respectively. We divide each
of these two-point functions into two parts as
Πµν(p) = ΠS(p2)gµν +ΠLT (p2)(p2gµν − pµpν) . (3.6)
At the bare level, the relevant parts are expressed as
Π
(bare)S
V¯ V¯
= abareF
2 ,
Π
(bare)LT
V¯ V¯
= − 1
g2bare
+ 2zLRbare ,
Π
(bare)S
A¯A¯
= (bbare + cbare)F
2 ,
Π
(bare)LT
A¯A¯
= − 1
g2bare
− 2zLRbare ,
Π
(bare)S
A¯⊥A¯
= −bbareF 2 ,
Π
(bare)S
A¯M A¯⊥
= dbareF
2 , (3.7)
where zLRbare is the coefficient of O(p4) terms which pro-
portional to tr
[
LµνξMR
µνξ†M
]
#4.
In Appendix B, we list the diagrams contributing to
Πµν at one-loop level and the quantum corrections from
those diagrams (see Figs. 4-7 and Eqs. (B.3)-(B.6)).
From Eq. (3.7), we find that the divergences propor-
tional to gµν in the two-point functions are renormalized
by abare, bbare, cbare and dbare and those proportional to
(p2gµν−pµpν) are renormalized by gbare and zLRbare. Thus
we require the following renormalization conditions:
abareF
2 + ΠS
V¯ V¯
∣∣
div
= (finite) ,
−bbareF 2 +ΠSA¯⊥A¯
∣∣
div
= (finite) ,
cbareF
2 +ΠS
A¯A¯
∣∣
div
+ΠSA¯⊥A¯
∣∣
div
= (finite) ,
dbareF
2 +ΠSA¯M A¯⊥
∣∣
div
= (finite) ,
− 1
g2bare
+
1
2
[
ΠLT
V¯ V¯
∣∣
div
+ΠLT
A¯A¯
∣∣
div
]
= (finite) .
(3.8)
From the above renormalization conditions, we obtain
the renormalization group equations (RGEs) for the pa-
rameters a, b, c, d and the GHLS gauge coupling g, which
are listed in Eqs. (B.7)-(B.11).
#4 Some of the possibleO(p4) terms contributing to three- and four-
point functions are listed in Refs. [7, 37]. A complete list of the
anomalous terms at O(p4) is given in Ref. [31].
4. WEINBERG’S SUM RULES
Let us start with the axial-vector and vector current
correlators defined by
GA(Q
2)(qµqν − q2gµν)δab
=
∫
d4x eiqx 〈0|T Jµ5a(x)Jν5b(0)|0〉 ,
GV (Q
2)(qµqν − q2gµν)δab
=
∫
d4x eiqx 〈0|T Jµa (x)Jνb (0)|0〉 , (4.1)
where Q2 = −q2 is the space-like momentum, Jµ5a and
Jµa are the axial-vector and vector currents and (a, b) =
1, . . . , N2f − 1 denotes the flavor index. At the leading
order of the GHLS the current correlators GA,V are ex-
pressed as
GA(Q
2) =
F 2pi
Q2
+
F 2A1
M2A1 +Q
2
,
GV (Q
2) =
F 2ρ
M2ρ +Q
2
, (4.2)
where the A1 and ρ decay constants are defined by
F 2A1 =
( gA1
MA1
)2
=
b2
b+ c
F 2 ,
F 2ρ =
( gρ
Mρ
)2
= aF 2 . (4.3)
The same correlators are evaluated by the OPE as [38]
G
(OPE)
A (Q
2) =
1
8π2
[
−
(
1 +
αs
π
)
ln
Q2
µ2
+
π2
3
〈
αs
pi
GµνG
µν
〉
Q4
+
π3
3
1408
27
αs 〈q¯q〉2
Q6
]
,
G
(OPE)
V (Q
2) =
1
8π2
[
−
(
1 +
αs
π
)
ln
Q2
µ2
+
π2
3
〈
αs
pi
GµνG
µν
〉
Q4
− π
3
3
896
27
αs 〈q¯q〉2
Q6
]
, (4.4)
where µ is the renormalization scale of QCD. An impor-
tant result obtained from the above forms is that the
difference between two correlators scales as 1/Q6:
G
(OPE)
A (Q
2)−G(OPE)V (Q2) =
32π
9
αs 〈q¯q〉2
Q6
. (4.5)
Since the above forms of the correlators in the OPE
are valid in the high energy region, we consider the differ-
ence of the correlators in the GHLS in the energy region
higher than the A1 meson mass, i.e., Q
2 ≫ M2A. In the
high energy region, two correlators in the GHLS given in
6Eq. (4.2) are expanded as
GA(Q
2) =
F 2pi + F
2
A1
Q2
− F
2
A1
M2A1
Q4
+
F 2A1M
4
A1
Q6
,
GA(Q
2) =
F 2ρ
Q2
− F
2
ρM
2
ρ
Q4
+
F 2ρM
4
ρ
Q6
. (4.6)
From the above expressions, the difference of two corre-
lators is given by
GA(Q
2)−GV (Q2) =
F 2pi + F
2
A1
− F 2ρ
Q2
+
F 2A1M
2
A1
− F 2ρM2ρ
Q4
+
F 2A1M
4
A1
− F 2ρM4ρ
Q6
.
(4.7)
We require that the high energy behavior of the dif-
ference between two correlators in the GHLS agrees with
that in the OPE: GA(Q
2)−GV (Q2) in the GHLS scales
as 1/Q6. This requirement can be satisfied only if the
following relations are satisfied:
F 2pi + F
2
A1
= F 2ρ ,
F 2A1M
2
A1
= F 2ρM
2
ρ , (4.8)
which are nothing but the pole saturated forms of the
Weinberg first and second sum rules [39]. In terms of the
parameters of the GHLS Lagrangian, the above relations
can be satisfied if we take
a = b , d = 0 . (4.9)
Now, let us study whether the above relations in
Eq. (4.9) are stable against the quantum corrections.
Taking a = b and d = 0 in the RGEs for a, b and d
shown in Eqs. (B.8), (B.9) and (B.10), we obtain
µ
d(aF 2)
dµ
=
Nf
(4π)2
[
µ2 + 3ag2F 2
]
, (4.10)
µ
d(bF 2)
dµ
=
Nf
(4π)2
[
µ2 + 3ag2F 2
]
, (4.11)
µ
d(dF 2)
dµ
= 0 . (4.12)
The first two RGEs lead to
µ
d(a− b)
dµ
= 0 . (4.13)
The RGEs in Eqs. (4.12) and (4.13) imply that the
parameter relations a = b and d = 0 are stable
against the renormalization group evolution, i.e., the
non-renormalization of the Weinberg sum rules expressed
in terms of the leading order parameters in the GHLS.
At the last of this section, we look into a set of the pa-
rameter relations in Eq. (4.9) to the symmetry structure
of the GHLS theory. When we take a = b and d = 0, the
GHLS Lagrangian given in Eq. (2.8) is rewritten as
aLV + bLA + cLM + dLpi
= −8aF 2 tr
[(
DµξR
)2
+
(
DµξL
)2]
− 4cF 2 tr
[(
DµξM
)2]
. (4.14)
When we further switch off the gauge coupling, the sym-
metry of the Lagrangian becomes enhanced as Gglobal ×
[Gglobal]
2 = [Gglobal]
3 = [SU(Nf)L × SU(Nf)R]3. This
implies that three variables ξL, ξR and ξM couple to
each other only through the GHLS gauge bosons Vµ
and Aµ, when the gauge coupling is switched on. This
structure is generally refereed as the “theory space local-
ity” [40, 41, 42, 43]. From the above consideration, we
see that, in the GHLS, the requirement of the Weinberg
sum rules automatically leads to the “theory space local-
ity” [44]. In general cases, the “theory space locality” is
satisfied only at tree level, since the enhanced symme-
try is broken when the gauge coupling is switched on.
However, our result of the stability of the relations a = b
and d = 0 implies that the “theory space locality” in the
leading order Lagrangian is stable against the quantum
correction at least at one-loop level.
5. CHIRAL SYMMETRY RESTORATION
In this section, we study the chiral phase transition
keeping the first and second Weinberg sum rules in the
GHLS.
Equations (4.5) and (4.7) with the Weinberg sum rules
(4.8) give the following matching condition in the high-
energy region:
F 2A1M
4
A1
− F 2ρM4ρ
= F 2ρM
2
ρ
(
M2A1 −M2ρ
)
=
32παs
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〈q¯q〉2 , (5.1)
which is a measure of the spontaneous chiral symmetry
breaking. In terms of the parameters of the GHLS La-
grangian this is expressed as
a2 · c · g4 ∝ 〈q¯q〉2 . (5.2)
When the chiral restoration point is approached, the
quark condensate approaches zero:
〈q¯q〉 → 0 , (5.3)
This implies that the condition
a2 · c · g4 → 0 (5.4)
is satisfied when the chiral symmetry is restored. From
this condition we see that at least one parameter among
a, c and g must go to zero at the chiral symmetry restora-
tion point.
7Let us first consider the possibility that the parameter
a goes to zero at a high energy scale, say Λ: a(Λ) → 0.
The RGE for a given in Eq. (4.10) implies that a = 0
is not a fixed point, and thus one cannot achieve the
equality of the axial-vector and vector current correlator
in the energy region below Λ which is required by the
chiral symmetry restoration. To make the matters worse,
the RGE for a leads to a(µ) < 0 for µ < Λ, and M2ρ < 0,
which is of course unacceptable. From these, we cannot
take a→ 0.
We next consider the possibility of c(Λ) → 0. From
Eq. (B.9), the RGE for c in the case of a = b and d = 0
is obtained as
µ
d(cF 2)
dµ
=
Nf
(4π)2
[
2µ2 + 6cg2F 2
]
. (5.5)
We can easily see that c = 0 is not a fixed point, which
implies that the equality of two current correlators can-
not be satisfied in the energy region below Λ even if
we equate them at Λ. Furthermore, negative c leads to
M2ρ/M
2
A1
= a/(a+ c) > 1, which is unacceptable, either.
Thus c→ 0 cannot be achieved at the restoration point.
Finally, we study the possibility of g → 0. From
Eq. (B.11), the RGE for g with a = b and d = 0 is
reduced to
µ
dg2
dµ
= − Nf
(4π)2
43
3
g4 , (5.6)
which certainly has the fixed point at g = g∗ = 0. Then,
the symmetry restoration in the GHLS can be realized
only if the following condition is met:
g → g∗ = 0 . (5.7)
This condition implies the massless ρ and A1 mesons,
since both masses are proportional to the gauge coupling
g. #5 Thus we conclude that, when we require the first
and second Weinberg sum rules to be satisfied, the chiral
symmetry restoration in the GHLS required through the
matching to QCD can be realized with masses of ρ and
A1 mesons vanishing at the restoration point:
Mρ → 0 , MA1 → 0 . (5.8)
We next consider the fate of two parameters a (= b)
and c. As we can see easily from Eq. (5.1) or Eq. (5.2),
matching of the GHLS to QCD does not provide any con-
ditions for a and c other than g → 0 at the restoration
#5 This symmetry restoration is similar to the vector manifestation
(VM) [5, 9], in which the massless ρ becomes the chiral partner
of the pion. As is stressed for the VM in Ref. [9], the symmetry
restoration here should also be considered only as a limit with
bare parameters approaching the fixed point: An enhancement
of the global symmetry occurs when we take g = 0 from the be-
ginning. While for non-zero gauge coupling, even if it is very tiny,
the global symmetry in the GHLS is only the chiral symmetry
consistently with QCD.
point. For a = b and d = 0 the definitions of the param-
eter ζ and the pion decay constant given in Eqs. (2.24)
and (2.25) are rewritten as
F 2pi =
ac
a+ c
F 2 , (5.9)
ζ =
a
a+ c
=
M2ρ
M2A1
, (5.10)
From this, we see that the parameter ζ plays an impor-
tant role, which controls the fate of the ratio of ρ and
A1 meson masses at the symmetry restoration. Below,
we shall investigate the phase structure of the GHLS to
see how the mass ratio ζ is determined at the symmetry
restoration point and characterizes the possible patterns
of chiral symmetry restoration governed by several fixed
points.
To study the phase structure of the GHLS through the
RGEs for a, c and g, it is convenient to introduce the
following dimensionless parameters associated with a, c
and g:
X(µ) =
Nf
2(4π)2
µ2
a(µ)F 2
,
Y (µ) =
Nf
2(4π)2
µ2
c(µ)F 2
,
G(µ) =
Nf
2(4π)2
g2(µ) . (5.11)
In terms of X and Y , the order parameter Fpi and the
mass ratio ζ are expressed as
W (µ) =
Nf
2(4π)2
µ2
F 2pi (µ)
= X(µ) + Y (µ) , (5.12)
ζ(µ) =
Y (µ)
X(µ) + Y (µ)
. (5.13)
The RGEs shown in Eqs. (4.10), (5.5) and (5.6) are
rewritten as
µ
dX
dµ
= 2X(1−X − 3G) ,
µ
dY
dµ
= 2Y (1− 2Y − 6G) ,
µ
dG
dµ
= − 86
3
G2 . (5.14)
From these RGEs we find that three non-trivial fixed
points and one trivial fixed point. The trivial fixed point
is given by
(X∗, Y ∗, G∗) = (0, 0, 0) , (5.15)
while non-trivial ones are
A : (X∗, Y ∗, G∗) = (1, 0, 0) ,
B : (X∗, Y ∗, G∗) = (0, 1/2, 0) ,
C : (X∗, Y ∗, G∗) = (1, 1/2, 0) . (5.16)
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FIG. 1: Phase diagram on G = 0 plane. Arrows on the flows
are written from the ultraviolet to the infrared. Gray lines
divide the broken phase (inside) and the symmetric phase
(outside; cross-hatched area). Points denoted by N, • and 
express the fixed point (X, Y ) = (0, 1/2), (1, 0) and (1, 1/2)
respectively.
As we concluded above, the symmetry restoration can
be realized only if we have G → 0 at the restoration
point. Since G = 0 is the only fixed point of the RGE
for G, we concentrate on the case with G = 0. In such
a case, the RGE flows are confined on the X-Y plane.
Furthermore, since both ρ and A1 mesons are massless,
we can use the RGEs for X and Y all the way down
to the low-energy limit, µ = 0. Then, the phase of the
GHLS is determined by the on-shell pion decay constant
Fpi(µ = 0), or equivalently W defined in Eq. (5.12), as
W (µ = 0) = 0 broken phase
W (µ = 0) 6= 0 symmetric phase (5.17)
We show the flow diagram in X-Y plane in Fig. 1. The
phase boundary is specified by Fpi(0) = 0 which is real-
ized at each fixed point listed in Eq. (5.16). The fixed
point A implies a(0) = 0 and c(0) 6= 0, B entails a(0) 6= 0
and c(0) = 0, and C gives us a(0) = c(0) = 0. We note
that a(0) = 0 and/or c(0) = 0 are realized due to the
quadratic running of the RGEs although the bare param-
eters abare and cbare are non-zero even at the restoration
point.
In order to clarify the implication of each fixed point,
we map the phase diagram in the X-Y plane onto the
ζ-W plane, which is shown in Fig. 2. Three fixed points
(5.16) are turned into
A : (ζ∗,W ∗) = (1, 1/2) ,
B : (ζ∗,W ∗) = (0, 1) ,
C : (ζ∗,W ∗) = (1/3, 3/2) . (5.18)
From this we can distinguish three patterns of the chiral
symmetry restoration characterized by three fixed points
by the values of the ratio of ρ and A1 meson masses
expressed by ζ as in Eq. (5.10) as follows: At the fixed
point A, ζ goes to 1, which implies that the ρ meson
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W
FIG. 2: Phase diagram on ζ-W plane. Arrows on the flows are
written from the ultraviolet to the infrared. Gray lines divide
the broken phase (lower side) and the symmetric phase (up-
per side; cross-hatched area). Points denoted by N, • and 
express the fixed point (ζ,W ) = (1, 1/2), (0, 1) and (1/3, 3/2)
respectively.
mass degenerates into the A1 meson mass. We shall call
this restoration pattern the Ginzburg-Landau (GL) type.
At the fixed point B, on the other hand, the ρ meson
becomes massless faster than the A1 meson since ζ goes
to zero. This can be called the vector manifestation (VM)
type. The fixed point C is the ultraviolet fixed point in
any direction, so that it is not so stable as to A and B.
Nevertheless, if it is chosen, the mass ratio approaches to
1/3 which we shall call the hybrid type.
To summarize, we find that the chiral symmetry
restoration in the GHLS required through the matching
to QCD can be realized only if the masses of ρ and A1
mesons vanish at the restoration point:
Mρ → 0 , MA1 → 0 , (5.19)
and that the ratio of these masses flows into one of the
following three fixed points:
GL-type : M2ρ/M
2
A1
→ 1 ,
VM-type : M2ρ/M
2
A1
→ 0 ,
Hybrid-type : M2ρ/M
2
A1
→ 1/3 . (5.20)
6. CHIRAL REPRESENTATION MIXING
In this section, we discuss the relation of three classes
of the fixed point studied in previous section to the chiral
representation mixing.
In the broken phase of the chiral symmetry, the eigen-
states of the chiral representation under SU(Nf )L ×
SU(Nf)R do not generally agree with the mass eigen-
states due to the existence of the Nambu-Goldstone
bosons, i.e., there exists a representation mixing. By
extending the analysis done in Ref. [45, 46] for two-flavor
QCD, the scalar, pseudoscalar, longitudinal vector and
9axial-vector mesons belong to the following representa-
tions:
|s〉 = |(Nf , N∗f )⊕ (N∗f , Nf )〉 ,
|π〉 = |(Nf , N∗f )⊕ (N∗f , Nf )〉 sinψ
+ |(1, N2f − 1)⊕ (N2f − 1, 1)〉 cosψ ,
|ρ〉 = |(1, N2f − 1)⊕ (N2f − 1, 1)〉 ,
|A1〉 = |(Nf , N∗f )⊕ (N∗f , Nf )〉 cosψ
− |(1, N2f − 1)⊕ (N2f − 1, 1)〉 sinψ , (6.1)
where ψ denotes the mixing angle. The value of ψ for
Nf = 2 is estimated as about ψ ≃ 45 ◦.
It can be expected that the above representation mix-
ing is dissolved when the chiral symmetry is restored.
From Eq. (6.1), one can easily see that there are two
possibilities for pattern of chiral symmetry restoration.
One possible pattern is the case where cosψ → 0 when
we approach the critical point. In this case, the pion
belongs to |(Nf , N∗f ) ⊕ (N∗f , Nf )〉 and becomes the chi-
ral partner of the scalar meson. The longitudinal vec-
tor and axial-vector mesons are in the same multiplet
|(1, N2f −1)⊕(N2f −1, 1)〉. This is the standard Ginzburg-
Landau (GL) scenario of the chiral symmetry restoration.
Another possibility is the case where sinψ → 0 when we
approach the critical point. In this case, the pion belongs
to pure |(1, N2f −1)⊕(N2f −1, 1)〉 and its chiral partner is
now the (longitudinal) vector meson. The scalar meson
joins with the longitudinal part of the axial-vector meson
in the same representation |(Nf , N∗f )⊕(N∗f , Nf )〉. This is
the vector manifestation (VM) of chiral symmetry [5, 9].
Now we consider how the chiral representation mixing
is expressed in the GHLS theory. When we take d = 0
in the Lagrangian, there are no φ⊥-φp mixing terms [see
Eq. (2.21)]. Then we take the normalizations of φ⊥ and
φp fields as follows:
φ⊥ = π⊥/
√
bF 2 , φp = p/
√
cF 2 . (6.2)
Since π⊥ is included in ξL and ξR and p is in ξM ,
we identify π⊥ with the field belonging to the chiral
representation (1, N2f − 1) ⊕ (N2f − 1, 1) and p with
(Nf , N
∗
f ) ⊕ (N∗f , Nf ) according to the transformation
properties of ξL, ξR and ξM . Using Eqs. (2.22) and (2.24),
we rewrite π and q in terms of π⊥ and p as
π =
√
ζ p+
√
1− ζ π⊥ ,
q =
√
1− ζ p−
√
ζ π⊥ . (6.3)
We compare the above expression to Eq. (6.1) and obtain
that the chiral representation mixing angle is related to
the mass ratio ζ as
cosψ =
√
1− ζ , sinψ =
√
ζ . (6.4)
Then, from three fixed points (5.18) of the GHLS at the
symmetry restoration point, the fate of the chiral repre-
sentation mixing is determined as follows:
GL-type : cosψ → 0 ,
VM-type : sinψ → 0 ,
Hybrid-type :
sinψ →
√
1
3
, cosψ →
√
2
3
. (6.5)
7. SUMMARY AND DISCUSSIONS
In this paper, we developed the chiral perturbation
theory (ChPT) with the generalized hidden local sym-
metry (GHLS) as an effective field theory (EFT) of QCD
for pions, vector and axial-vector mesons. We showed
that the first and second Weinberg sum rules expressed
in terms of the leading order parameters, which is re-
quired by the equality of the high-energy behaviors of
the current correlators of the GHLS to the ones in QCD,
can be satisfied by a special parameter choice, a = b
and d = 0, corresponding to the theory space locality.
Our analysis using the one-loop RGEs provides that this
parameter choice is stable against the RG evolution, i.e.,
the non-renormalization of the Weinberg sum rules in the
GHLS: The completion of the sum rules at the bare level
is kept even at quantum level.
With the set of parameters corresponding to the Wein-
berg sum rules, we investigated the phase structure of the
GHLS theory. We found that both ρ and A1 meson be-
come massless at the chiral phase transition point, which
is protected by the fact that the GHLS gauge coupling
constant g goes to zero as the only fixed point of the RGE
for g:
Mρ → 0 , MA1 → 0 , (7.1)
At the critical point, there exist three fixed points of
the RGEs for a and c and each of them is associated
with one of the following patterns of the chiral symme-
try restoration: the Ginzburg-Landau (GL), the vector
manifestation (VM) and the hybrid type. Those classes
of the chiral symmetry restoration are characterized by
the mass ratio, or equivalently the chiral representation
mixing angle, as
GL-type :
{
M2ρ/M
2
A1
→ 1 ,
cosψ → 0 ,
VM-type :
{
M2ρ/M
2
A1
→ 0 ,
sinψ → 0 ,
Hybrid-type :


M2ρ/M
2
A1
→ 1/3 .
sinψ →
√
1
3 .
(7.2)
Here we study the fate of the vector dominance (VD)
of the electromagnetic form factor of the pion [47] at
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FIG. 3: Leading contributions to the electromagnetic form
factor of the pion. (a) direct γpipi and (b) γpipi mediated by
ρ-meson exchange.
the chiral symmetry restoration. The direct photon-π-π
coupling gγpipi is given by
gγpipi = 1− 1
2
F 2σ
F 2pi
(1− ζ2) . (7.3)
When a = b and d = 0 are taken, this becomes
gγpipi = (1− ζ)/2 . (7.4)
We show the leading contributions to the pion form fac-
tor in Fig. 3. The VD is characterized by the direct γππ
being zero. Three classes of the chiral symmetry restora-
tion give us the following results on the VD:
GL-type : gγpipi → 0 ,
VM-type : gγpipi → 1
2
,
Hybrid-type : gγpipi → 1
3
. (7.5)
In the GL-type ζ goes to 1, then the direct γππ goes
to zero, which implies that the VD is sufficient. On the
other hand, in the VM-type the direct γππ approaches
1/2, i.e., the VD is violated by 50%, similarly to the case
of the VM [9, 18]. The hybrid type also gives about
33% violation of the VD since the direct γππ comes to
be 1/3. This strongly affects to the understanding of
the experimental data on dilepton productions based on
the dropping ρ as recently pointed out in Ref. [19]. An
analysis of the spectral functions taking into account of
the large violation of the VD is much interesting.
Several comments are in order:
In this paper, we studied the chiral phase transi-
tion with the first and second Weinberg sum rules kept
satisfied. Near the chiral restoration point in QCD
with a large number of massless flavors (the large Nf
QCD [48, 49]), the anomalous dimension γm of 〈q¯q〉 be-
comes close to 1, γm ∼ 1. (See, e.g., Refs. [49, 50].) This
results that the term proportional to 〈q¯q〉2 in the current
correlators behaves as ∼ 1/Q4 [51], and hence the second
Weinberg sum rule is not satisfied. Thus, the condition
in Eq. (5.1) is not appropriate for studying the chiral
symmetry restoration in the large Nf QCD.
For studying the chiral phase transition at finite tem-
perature using the GHLS, which is relevant to the RHIC
experiment, we have to work explicitly under the ex-
istence of hot matter as done for the HLS/VM in
Refs. [13, 18, 21]. Since a typical energy scale character-
izing the chiral symmetry restoration, T ∼ 180MeV, is
much smaller than the momentum scale Q2 in the OPE,
we expect that the first and second Weinberg sum rules
hold near the chiral phase transition point at finite tem-
perature, and that the matching condition in Eq. (5.1)
is applicable. Then, when the analysis in this paper is
applicable to the chiral phase transition at finite temper-
ature, we expect that the matching will produce the tem-
perature dependence of the GHLS gauge coupling similar
to the one of the HLS gauge coupling (intrinsic temper-
ature dependence), which was essential to describe the
dropping ρ occurring in the VM, and that the dropping
ρ and A1 masses are suitably described within the GHLS.
In the GHLS sector, the theory space locality is bro-
ken due to O(p4) terms and we do not have the non-
renormalization of the second Weinberg sum rule at one-
loop. The relation between the higher order terms which
generate a violation of the sum rule and the chiral sym-
metry restoration will be elucidated by forthcoming anal-
ysis.
In the case of the HLS, the extrapolation of the ChPT
from largeNc QCD to the real-life QCD together with the
Wilsonian matching reproduces several physical quanti-
ties in remarkable agreement with experiments [9, 12].
The GHLS at the leading order with a suitable parameter
choice was shown [7, 29] to explain several phenomenolog-
ical facts such as the successful current algebra relations
m2A1 = 2m
2
ρ and gA1 = gρ [38, 52]. Furthermore, inclu-
sion of appropriate higher order terms gives predictions
on the widths of A1 → ρπ and A1 → γπ in good agree-
ment with experiments [7, 30]. Then, we believe that the
ChPT with GHLS incorporated by a suitable matching
procedure will describe the low-energy phenomenology of
real-life QCD. In the present analysis, we focused on the
phase structure of the GHLS theory. It is interesting to
study the physical quantities such as the ρ-π-π coupling
and ρ-γ mixing through the matching procedure based
on the ChPT with GHLS developed in this paper. We
leave the analysis in the future publications.
One might think that the scalar mesons should be in-
cluded, since several analysis [53] shows that they are
lighter than the vector mesons in real-life QCD. For ex-
ample, the analysis in Ref. [54] shows that the mass of
sigma meson is about 560MeV, which is definitely lighter
than the ρ meson, mρ = 770MeV. In this paper, we did
not include scalar meson as a dynamical degree of free-
dom, assuming that the light σ meson is made of two
quarks and two anti-quarks [55, 56] and irrelevant to the
present analysis. It is possible that another scalar meson
made of qq¯ will appear quite near the chiral restoration
point and we may have to take the effects into account.
Inclusion of the light scalar meson quite near the critical
point may generate the quadratic divergence and change
the present RGEs.
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APPENDIX A: BACKGROUND FIELD GAUGE
In this appendix, we perform the quantization of the
GHLS theory in the background field gauge.
In order that the combinations (φR ± φL)/2 belong to
the parity-eigenstates, we insert a local symmetry H ′ =
[SU(Nf )V ]local by dividing ξM into two parts as
ξM = ξ
†
ML · ξMR . (A.1)
Two variables ξML and ξMR transform as
ξML → h′ξMLh†L ,
ξMR → h′ξMRh†R , (A.2)
where h′ ∈ [SU(Nf)V ]local. Accordingly we introduce
the background fields ξ¯ and the quantum fields ξˇ as
ξL = ξ¯
†
pLξˇLξ¯pLξ¯L ,
ξR = ξ¯
†
pRξˇRξ¯pRξ¯R ,
ξM = ξ¯
†
pLξˇM ξ¯pR . (A.3)
The transformation properties of ξ¯ and ξˇ are given by
ξ¯L → hLξ¯Lg†L , ξ¯R → hRξ¯Rg†R ,
ξ¯pL → h′ξ¯pLh†L , ξ¯pR → h′ξ¯pRh†R ,
ξˇL → h′ξˇLh′† , ξˇR → h′ξˇRh′† ,
ξˇM → h′ξˇMh′† , (A.4)
Then all the quantum fields transform homogeneously
under the background gauge transformation:
(πˇ, σˇ, qˇ)→ h′(πˇ, σˇ, qˇ)h′† . (A.5)
The background and quantum fields of the GHLS gauge
bosons are introduced as follows:
Lµ = L¯µ + gξ¯
†
pLLˇµξ¯pL ,
Rµ = R¯µ + gξ¯
†
pRRˇµξ¯pR , (A.6)
which transform as
L¯µ → hLL¯µh†L + ihL∂µh†L ,
R¯µ → hRR¯µh†R + ihR∂µh†R ,
Lˇµ → h′Lˇµh′† , Rˇµ → h′Rˇµh′† . (A.7)
The covariant derivatives acting on ξ¯ and ξˇ are expressed
as
D¯µξ¯L = ∂µξ¯L − iL¯µξ¯L + iξ¯LLµ
D¯µξ¯R = ∂µξ¯R − iR¯µξ¯R + iξ¯RRµ
D¯µξ¯pL = ∂µξ¯pL − iV¯ ′µξ¯pL + iξ¯pLL¯µ
D¯µξ¯pR = ∂µξ¯pR − iV¯ ′µξ¯pR + iξ¯pRR¯µ ,
D¯µξˇL,R,M = ∂µξˇL,R,M − i[V¯ ′µ, ξˇL,R,M ] , (A.8)
where V¯ ′µ is the background gauge field corresponding to
the H ′ symmetry.
It is convenient to define the back ground fields asso-
ciated with the external gauge fields as follows:
V¯µ‖ =
1
2i
[
ξ¯pR∂
µξ¯R · ξ¯†Rξ¯†pR + ξ¯pL∂µξ¯L · ξ¯†Lξ¯†pL
]
+
1
2
[
ξ¯pRξ¯RRµξ¯†Rξ¯†pR + ξ¯pLξ¯LLµξ¯†Lξ¯†pL
]
,
A¯µ⊥ =
1
2i
[
ξ¯pR∂
µξ¯R · ξ¯†Rξ¯†pR − ξ¯pL∂µξ¯L · ξ¯†Lξ¯†pL
]
+
1
2
[
ξ¯pRξ¯RRµξ¯†Rξ¯†pR − ξ¯pLξ¯LLµξ¯†Lξ¯†pL
]
.
(A.9)
Furthermore, we use
V¯µ =
1
2
[
ξ¯pRR¯µξ¯
†
pR + ξ¯pLL¯µξ¯
†
pL
]
,
A¯µ =
1
2
[
ξ¯pRR¯µξ¯
†
pR − ξ¯pLL¯µξ¯†pL
]
, (A.10)
and
V¯µM =
1
2i
[
∂µξ¯pR · ξ¯†pR + ∂µξ¯pL · ξ¯†pL
]
,
A¯µM =
1
2i
[
∂µξ¯pR · ξ¯†pR − ∂µξ¯pL · ξ¯†pL
]
. (A.11)
We fix the background field gauge as
L(V+A)GF = −
1
α
tr
[
F 2V + F
2
A
]
, (A.12)
where α is the gauge fixing parameter, and FV and FA
are defined as
FV = D¯
µVˇµ + αgF
2
σ φˇσ + i
[
V¯ ′µ − V¯ µ − V¯µM , Vˇµ
]
− i [A¯µ + A¯µM , Aˇµ] ,
FA = D¯
µAˇµ − αgF 2q φˇq + i
[
V¯ ′µ − V¯ µ − V¯µM , Aˇµ
]
− i [A¯µ + A¯µM , Vˇµ] , (A.13)
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with D¯µ denoting the covariant derivative in terms of the
background fields:
D¯µVˇ
ν = ∂µVˇ
ν − i[V¯ ′µ, Vˇ ν ] ,
D¯µAˇ
ν = ∂µAˇ
ν − i[V¯ ′µ, Aˇν ] . (A.14)
The FP ghost Lagrangian associated with LGF is given
by
L(V+A)FP = 2itr
[
C¯V
{
D¯µ
(
D¯µCV + αg
2F 2σCV
− i[V¯ ′µ − V¯ µ − V¯µM , CV ]− i[A¯µ + A¯µM , CA]
)}]
+ 2itr
[
C¯A
{
D¯µ
(
D¯µCA + αg
2F 2q CA
− i[V¯ ′µ − V¯ µ − V¯µM , CA]− i[A¯µ + A¯µM , CV ]
)}]
− 2tr
[{
[V¯ ′µ − V¯ µ − V¯µM , C¯V ] + [A¯µ + A¯µM , C¯A]
}
×
{
D¯µCV − i[V¯ ′µ − V¯ µ − V¯µM , CV ]
− i[A¯µ + A¯µM , CA]
}]
− 2tr
[{
[V¯ ′µ − V¯ µ − V¯µM , C¯A] + [A¯µ + A¯µM , C¯V ]
}
×
{
D¯µCA − i[V¯ ′µ − V¯ µ − V¯µM , CA]
− i[A¯µ + A¯µM , CV ]
}]
+ · · · , (A.15)
where ellipses stand for the terms including at least three
quantum fields.
Finally, we should eliminate the redundant H ′ symme-
try. This can be done by relating V¯ ′µ to other background
fields. In this paper we take
V¯
′µ = V¯µM + V¯ µ . (A.16)
and set ξ¯pL = ξ¯pR ≡ ξ¯p. We should note that the
background field V¯ ′µ appears only in LGF + LFP given
in Eqs. (A.12) and (A.15), and is not included in the
Lagrangian in Eq. (2.12).
APPENDIX B: QUANTUM CORRECTIONS
In this appendix, we list the quantum corrections to
the two-point functions and the RGEs at one loop. In the
present analysis, we adopt the ’t Hooft-Feynman gauge
by taking α = 1 in Eqs. (A.12) and (A.15).
For expressing the quantum corrections in simple forms
it is convenient to define the following Feynman integrals:
A0(M) =
∫
dnk
i(2π)4
1
M2 − k2 ,
B0(p;M1,M2)
=
∫
dnk
i(2π)4
1
[M21 − k2][M22 − (k − p)2]
,
Bµν(p;M1,M2)
=
∫
dnk
i(2π)4
(2k − p)µ(2k − p)ν
[M21 − k2][M22 − (k − p)2]
. (B.1)
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FIG. 4: Diagrams for contributions to Πµν
V¯ V¯
at one loop. The
circle (◦) denotes the momentum-independent vertex and the
dot (•) denotes the momentum-dependent vertex.
We take into account the quadratic as well as the loga-
rithmic divergences following Eqs. (3.3) and (3.4), which
preserve the chiral symmetry. Here we summarize the
divergent parts of the above Feynman integrals:
A0(M)|div =
Λ2
(4π)2
− M
2
(4π)2
ln Λ2 ,
B0(p;M1,M2)|div =
1
(4π)2
ln Λ2 ,
Bµν(p;M1,M2)|div
= −gµν 1
(4π)2
[
2Λ2 − (M21 +M22 ) ln Λ2]
− (p2gµν − pµpν) 1
3(4π)2
ln Λ2 . (B.2)
The quantum corrections to Πµν
V¯ V¯
generated by the
13
loop diagrams shown in Fig. 4 are given by
Π
(a)µν
V¯ V¯
=
Nf
8
Bµν(p;Mρ,Mρ) ,
Π
(b)µν
V¯ V¯
=
Nf
8
( F
Fpi
)4
a2(1− ζ)2(1 + ζ)2Bµν(p; 0, 0) ,
Π
(c)µν
V¯ V¯
=
Nf
8
( F
Fq
)4
[a− 2(b+ c)]2Bµν(p;MA1 ,MA1) ,
Π
(d)µν
V¯ V¯
=
Nf
4
( F 2
FpiFq
)2
(aζ − b)2Bµν(p;MA1 , 0) ,
Π
(e)µν
V¯ V¯
= −NfM2ρgµνB0(p;Mρ,Mρ) ,
Π
(f)µν
V¯ V¯
= −Nf
( F
Fpi
)2
g2F 2(aζ − b)2
×gµνB0(p;MA1 , 0) ,
Π
(g)µν
V¯ V¯
= −Nf
( F
Fq
)2
g2a2F 2gµνB0(p;MA1 ,MA1) ,
Π
(h)µν
V¯ V¯
=
Nf
2
[
nBµν(p;Mρ,Mρ)
+ 8(p2gµν − pµpν)B0(p;Mρ,Mρ)
]
,
Π
(i)µν
V¯ V¯
=
Nf
2
[
nBµν(p;MA1 ,MA1)
+ 8(p2gµν − pµpν)B0(p;MA1 ,MA1)
]
,
Π
(j)µν
V¯ V¯
= −NfBµν(p;Mρ,Mρ) ,
Π
(k)µν
V¯ V¯
= −NfBµν(p;MA1 ,MA1) ,
Π
(l)µν
V¯ V¯
= −Nf
( F
Fpi
)2
ζ(aζ − b)gµνA0(0) ,
Π
(m)µν
V¯ V¯
= Nf
( F
Fq
)4
(a− b− c)2gµνA0(MA1) ,
Π
(n)µν
V¯ V¯
= Nfn g
µνA0(Mρ) ,
Π
(o)µν
V¯ V¯
= Nfn g
µνA0(MA1) ,
Π
(p)µν
V¯ V¯
= −2NfgµνA0(Mρ) ,
Π
(q)µν
V¯ V¯
= −2NfgµνA0(MA1) , (B.3)
where n denotes the dimension of the spacetime. We
show the one-loop diagrams to contribute to Πµν
A¯A¯
in
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FIG. 5: Diagrams for contributions to Πµν
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at one loop.
Fig. 5. We obtain the quantum corrections as
Π
(a)µν
A¯A¯
=
Nf
4
( F 2
FσFpi
)2
(aζ − b)2Bµν(p;Mρ, 0) ,
Π
(b)µν
A¯A¯
=
Nf
4
a2
( F 2
FσFq
)2
Bµν(p;Mρ,MA1) ,
Π
(c)µν
A¯A¯
= −NfM2ρgµνB0(p;Mρ,MA1) ,
Π
(d)µν
A¯A¯
= −Nf
( F
Fpi
)2
g2F 2ζ2(a− b− c)2
×gµνB0(p;Mρ, 0) ,
Π
(e)µν
A¯A¯
= −Nf
( F
Fq
)2
g2F 2[a− 2(b+ c)]2
×gµνB0(p;Mρ,MA1) ,
Π
(f)µν
A¯A¯
= Nf
[
nBµν(p;Mρ,MA1)
+ 8(p2gµν − pµpν)B0(p;Mρ,MA1)
]
,
Π
(g)µν
A¯A¯
= −NfBµν(p;Mρ,MA1) ,
Π
(h)µν
A¯A¯
= −NfBµν(p;Mρ,MA1) ,
Π
(i)µν
A¯A¯
= Nf
( F
Fpi
)2
(a− b− c)ζ2gµνA0(0) ,
Π
(j)µν
A¯A¯
= Nf
( F
Fq
)2
(a− b− c)gµνA0(MA1) ,
Π
(k)µν
A¯A¯
= Nfn g
µνA0(Mρ) ,
Π
(l)µν
A¯A¯
= Nfn g
µνA0(MA1) ,
Π
(m)µν
A¯A¯
= −2NfgµνA0(Mρ) ,
Π
(n)µν
A¯A¯
= −2NfgµνA0(MA1) . (B.4)
From the diagrams shown in Fig. 6, we obtain
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Π
(a)µν
A¯⊥A¯
= −Nf
4
( F 2
FσFpi
)2
(a− bζ)
×(aζ − b)Bµν(p;Mρ, 0) ,
Π
(b)µν
A¯⊥A¯
=
Nf
4
( F 2
FσFq
)2
abBµν(p;Mρ,MA1) ,
Π
(c)µν
A¯⊥A¯
= Nf
( F
Fσ
)2
g2F 2abgµνB0(p;Mρ,MA1) ,
Π
(d)µν
A¯⊥A¯
= Nf
( F
Fpi
)2
g2F 2ζ(a− bζ)
×(a− b− c)gµνB0(p;Mρ, 0) ,
Π
(e)µν
A¯⊥A¯
= −Nf
( F
Fq
)2
g2F 2b[a− 2(b+ c)]
×gµνB0(p;Mρ,MA1) ,
Π
(f)µν
A¯⊥A¯
=
Nf
2
( F
Fσ
)2
bgµνA0(Mρ) ,
Π
(g)µν
A¯⊥A¯
= Nf
( F
Fpi
)2[
−aζ + b
(
1− 1
2
(1− ζ2)
)]
×gµνA0(0) ,
Π
(h)µν
A¯⊥A¯
=
Nf
2
( F
Fq
)2
bgµνA0(MA1) . (B.5)
Finally we list the quantum corrections contributing to
Πµν
A¯M A¯⊥
shown in Fig. 7:
Π
(a)µν
A¯M A¯⊥
=
Nf
4
( F 2
FσFpi
)2
(1− ζ)(a + b)(a− bζ)
×Bµν(p;Mρ, 0) ,
Π
(b)µν
A¯M A¯⊥
=
Nf
4
( F 2
FσFq
)2
b(a+ b)Bµν(p;Mρ,MA1) ,
Π
(c)µν
A¯M A¯⊥
= Nf
( F
Fσ
)2
g2F 2b(a− b)
×gµνB0(p;Mρ,MA1) ,
Π
(d)µν
A¯M A¯⊥
= −Nf
( F
Fpi
)2
g2F 2(a− bζ)
×[a(1− ζ) + cζ]gµνB0(p;Mρ, 0) ,
Π
(e)µν
A¯M A¯⊥
= −Nf
( F
Fq
)2
g2F 2b(a− b− 2c)
×gµνB0(p;Mρ,MA1) ,
Π
(f)µν
A¯M A¯⊥
=
Nf
2
( F
Fσ
)2
bgµνA0(Mρ) ,
Π
(g)µν
A¯M A¯⊥
=
Nf
2
( F
Fpi
)2
[ 2a(1− ζ)− b(1− ζ2)− 2d ]
×gµνA0(0) ,
Π
(h)µν
A¯M A¯⊥
=
Nf
2
( F
Fq
)2
bgµνA0(MA1) . (B.6)
The quadratic and logarithmic divergences generated by
those diagrams are renormalized following Eq. (3.8).
The renormalization group equations (RGEs) for the
leading order parameters (a, b, c, d and g) take the follow-
ing forms:
µ
d(aF 2)
dµ
=
Nf
(4π)2
[
µ2
{1
2
+
1
2
( F
Fpi
)4
a2(1− ζ2)2
+
1
2
( F
Fq
)4
[a− 2(b+ c)]2 +
( F 2
FpiFq
)2
(aζ − b)2
+ 2
( F
Fpi
)2
ζ(aζ − b) + 2
( F
Fq
)2
(a− b− c)
}
+
3
2
M2ρ + 2
( F
Fq
)2
aM2ρ + 2
( F
Fpi
)2
g2F 2(aζ − b)2
− 2
( F
Fq
)2
(a− b− c)M2A1 −
1
2
( F
Fq
)4
[a− 2(b+ c)]2M2A1
− 1
2
( F 2
FpiFq
)2
(aζ − b)2M2A1
]
, (B.7)
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µ
d(bF 2)
dµ
=
Nf
(4π)2
[
µ2
{( F
Fσ
)2
b
+ 2
( F
Fpi
)2
[−aζ + b(1− 1
2
(1− ζ2))]
+
( F 2
FσFpi
)2
(a− bζ)(aζ − b)
}
+
( F
Fσ
)2
bM2ρ − 2
( F
Fq
)2
b(M2ρ −
3
2
M2A1)
+ 2
( F
Fpi
)2
ζ(a− bζ)(M2ρ −M2A1)
− 1
2
( F 2
FσFpi
)2
(a− bζ)(aζ − b)M2ρ
+
1
2
( F 2
FσFq
)2
ab(M2ρ +M
2
A1
)
]
, (B.8)
µ
d(cF 2)
dµ
=
Nf
(4π)2
[
µ2
{
−
( F
Fσ
)2
b
− 2
( F
Fpi
)2[−aζ(1− ζ) + 1
2
b(1− ζ2)− cζ2]
−
( F
Fq
)2
(a− b− 2c) +
( F 2
FσFq
)2
ab
−
( F 2
FσFpi
)2
(a+ b)(1− ζ)(aζ − b)
}
+
( F
Fσ
)2
(2a− b)M2ρ
− 2
( F
Fpi
)2
ζ[a(1 − ζ) + cζ](M2ρ −M2A1)
+ 2
( F
Fq
)2[(3
4
a− b− 2c
)
M2ρ
+
(
−5
4
a+
3
2
b+ 3c
)
M2A1
]
+
1
2
( F 2
FσFpi
)2
(a+ b)(1− ζ)(aζ − b)M2ρ
− 1
2
( F 2
FσFq
)2
ab(M2ρ +M
2
A1
)
]
, (B.9)
µ
d(dF 2)
dµ
=
Nf
(4π)2
[
µ2
{
−
( F
Fσ
)2
b
−
( F
Fpi
)2
[2a(1− ζ)− b(1− ζ2)− 2d]
−
( F
Fq
)2
b+
( F 2
FσFpi
)2
(a+ b)(1 − ζ)(a− bζ)
+
( F 2
FσFq
)2
b(a+ b)
}
− 2
( F
Fσ
)2
g2F 2b
(1
2
a− b)
+ 2
( F
Fpi
)2
g2F 2(a− bζ)[a(1 − ζ) + cζ]
+ 2
( F
Fq
)2
g2F 2b
(
a− 1
2
b− 3
2
c
)
− 1
2
( F 2
FσFpi
)2
(a+ b)(1 − ζ)(a− bζ)M2ρ
− 1
2
( F 2
FσFq
)2
b(a+ b)(M2ρ +M
2
A1
)
]
, (B.10)
µ
dg2
dµ
=
Nf
(4π)2
1
12
[
−351
2
+
( F
Fq
)2
a
+
1
2
( F
Fpi
)4
a2(1 − ζ2)2 + 1
2
( F
Fq
)4
[a− 2(b+ c)]2
+
( F 2
FσFpi
)2
(aζ − b)2 +
( F 2
FpiFq
)2
(aζ − b)2
]
g4 ,
(B.11)
where µ denotes a renormalization scale.
When we take the parameter choice satisfying a = b
and d = 0, the RGEs are reduced to
µ
d(aF 2)
dµ
=
Nf
(4π)2
[
µ2 + 3ag2F 2
]
,
µ
d(bF 2)
dµ
=
Nf
(4π)2
[
µ2 + 3ag2F 2
]
,
µ
d(cF 2)
dµ
=
Nf
(4π)2
[
2µ2 + 6cg2F 2
]
,
µ
d(dF 2)
dµ
= 0 ,
µ
dg2
dµ
= − Nf
(4π)2
43
3
g4 . (B.12)
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